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Abstract
Integral operator, introduced by Noor, is defined by using convolution. Let fn(z)= z/(1− z)n+1,
n ∈N0, and let f be analytic in the unit discE. Then Inf = f (−1)n f,where fnf (−1)n = z/(1− z).
Using this operator, certain classes of analytic functions, related with the classes of functions with
bounded boundary rotation and bounded boundary radius rotation, are defined and studied in detail.
Some basic properties, rate of growth of coefficients, and a radius problem are investigated. It is
shown that these classes are closed under convolution with convex functions. Most of the results are
best possible in some sense.
 2003 Elsevier Science (USA). All rights reserved.
Keywords: Convolution; Integral operator; Bounded boundary rotation
1. Introduction
For 0  α < 1, let P(α) be the class of functions p, analytic in the unit disc E =
{z: |z| < 1} with p(0) = 1 such that Rep(z) > α for z ∈ E. Also C(α) and S(α),
0 α < 1, denote the classes of convex and starlike functions of order α, respectively.
A function f, analytic in E and given by
* Corresponding author.
E-mail addresses: khalidan@uaeu.ac.ae (K.I. Noor), noor@ece.ac.ae (M.A. Noor).0022-247X/03/$ – see front matter  2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S0022-247X(03)00094-5
K.I. Noor, M.A. Noor / J. Math. Anal. Appl. 281 (2003) 244–252 245f (z)= z+
∞∑
m=2
amz
m, (1.1)
is starlike of order α if zf ′/f ∈ P(α) and is convex of order α if (zf ′)′/f ′ ∈ P(α) for
z ∈E.
Let Pk(α), k  2, 0 α < 1, be the class of functions h, analytic in E, such that
h(z)=
(
k
4
+ 1
2
)
p1(z)−
(
k
4
− 1
2
)
p2(z), (1.2)
where p1,p2 ∈ P(α).
The class Pk(0)≡ Pk was introduced in [10]. We note that h ∈ Pk(α) if and only if there
exists p ∈ Pk such that
h(z)= (1− α)p(α)+ α. (1.3)
A function f, analytic in E and given by (1.1), is said to belong to the class Rk(α), k  2,
0 α < 1, if and only if zf ′/f ∈ Pk(α). We note that R2(α)= S(α) and Rk(0)=Uk , the
class of functions with bounded boundary rotation. Similarly an analytic function f, given
by (1.1), belongs to Vk(α) for z ∈E if and only if (zf ′)′/f ′ ∈ Pk(α). It is obvious that
f ∈ Vk(α) if and only if zf ′ ∈ Rk(α)=Uk(α). (1.4)
V2(α)= C(α) and Vk(0)= Vk, the class of functions with bounded boundary rotation.
We define the Hadamard product or convolution of two analytic functions
f (z)=
∞∑
m=0
amz
m+1 and g(z)=
∞∑
m=0
bmz
m+1
as
(f  g)(z)=
∞∑
m=0
ambmz
m+1 for z ∈E.
Let A denote the classes of all functions analytic in E and let Dn :A→A be the operator
defined by
Dnf = z
(1− z)n+1  f = z+
∞∑
m=2
(m+ n− 1)!
(n!)(m!) amz
m, n= 0,1,2, . . . .
We note that D0f (z)= f (z), D′f (z)= zf ′(z), and Dnf (z)= z(zn−1f (z))(n)/n!.
The symbol Dnf is called the nth order Ruscheweyh derivative of f. Analogous to
Dnf, Noor [7] defined an integral operator In :A→A as follows:
Inf (z)= n+ 1
zn
z∫
0
tn−1In
(
f (t)
)
dt.
Let fn(z)= z/(1− z)n+1 and let f (−1)n be defined such that
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(−1)
n (z)=
z
1− z . (1.5)
We note that
Inf (z)= f (−1)n (z)  f (z)=
[
z
(1− z)n+1
](−1)
 f (z). (1.6)
Note that I0f (z)= zf ′(z) and I1f (z)= f (z). The operator Inf defined by (1.6) is called
the nth order Noor integral operator of f. Some classes of analytic functions, defined by
this operator, have been studied in [3–7,9].
Using (1.5), (1.6), and the identity
(n+ 1)Dn+1f = nDnf + z(Dnf )′,
we have the following identity for the operator Inf :
(n+ 1)Inf − nIn+1f = z(Inf )′. (1.7)
From (1.7) we have
z(In+1f )′
In+1f
= (n+ 1) Inf
In+1f
− n.
Remark 1.1. We can use hypergeometric functions to define Inf as follows: Since
(1− z)−a = 2F1(a,1;1, z), where 2F1 is the hypergeometric function, we have, for a > 1,
[
1
(1− z)a
]−1
= 2F1(1,1;a, z)= (a − 1)
1∫
0
(1− t)a−2 dt
(1− tz) .
Therefore
Inf =
[
z2F1(1,1;n+ 1, z)
]
 f.
We now have
Definition 1.1. Let f be analytic in E and be given by (1.1). Then f ∈ Rk(n,α), k  2,
0 α < 1, if and only if Inf ∈Rk(α) for z ∈E.
We shall denote Rk(n,0) as R

k(n). We note that R

k(0, α) = Vk(α) and Rk(1, α) =
Rk(α). The class R

2(n) has been introduced and studied in [7].
2. Preliminary results
We need the following results.
Lemma 2.1. Let p(z) be analytic in E and p(0)= 1 and let
Re
[
p(z)+ zp
′(z) ]
> 0 for z ∈E.p(z)+ n
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α = αn =
{
2
(2n+ 1)+√4n2 + 4n+ 9
}
. (2.1)
Proof. Let
p(z)= (1− α)p1(z)+ α.
Then, for z ∈E,
Re
{
(1− α)p1(z)+ α+ (1− α)zp
′
1(z)
(1− α)p1(z)+ α + n
}
> 0.
We form the functional ψ(u,v) by choosing u= p1(z), v = zp′1(z). Thus
ψ(u,v)= (1− α)u+ α + (1− α)v
(1− α)u+ (α + n) .
We note that ψ(u,v) is continuous in a domain D ⊂C2, (1,0) ∈D, and ψ(1,0) > 0. Now
Reψ(iu2, v1)= α + (1− α)(α + n)v1
(α + n)2 + (1− α)2u22
.
Taking v1 −(1+ u22)/2, we obtain
Reψ(iu2, v1) α − 12
(1− α)(α + n)(1+ u22)
(α + n)2 + (1− α)2u22
= [2α(α+ n)
2 + 2α(1− α)2u22 − (1− α)(α + n)− (1− α)(α + n)u22]
2[(α+ n)2 + (1− α)2u22]
= A+Bu
2
2
2C
,
where
A= (α + n)[2α(α + n)− (1− α)],
B = (1− α)[2α(1− α)− (α + n)],
C = (α + n)2 + (1− α)2u22 > 0.
Now Reψ(iu2, v1) 0 if and only if A 0 and B  0. From A 0 we obtain α = αn as
given by (2.1) and B  0 gives us 0 < αn < 1. The proof of Lemma 2.1 follows now when
we apply the well-known result by Miller [6]. ✷
Lemma 2.2 [2]. Let f ∈ Vk(0), k > 2. Then
zf ′(z)= (p(z))k/2−1s(z)
for some p with Rep(z) > 0 and s ∈ S(0) for z ∈E.
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Re
{[
f (z) 
z
(1− z)
]/
f (z)
}1/2(1−β)
> 0, z ∈E.
3. Main results
Theorem 3.1. Let f ∈Rk(n). Then f ∈Rk(n+1, α), for z ∈E, where α is given by (2.1).
Proof. Let
z(In+1f (z))′
In+1f (z)
= h(z), (3.1)
h(z) is analytic and h(0)= 1. Then, from identity (1.7) and (3.1) we have
z(Inf (z))
′
Inf (z)
=
(
h(z)+ zh
′(z)
h(z)+ n
)
∈ Pk.
Let
φn(z)=
∞∑
j=1
n+ j
n+ 1 z
j = n
n+ 1
z
1− z +
1
n+ 1
z
(1− z)2 + · · · . (3.2)
We want to show that h ∈ Pk(α), where α is given by (2.1). Let
h(z)=
(
k
4
+ 1
2
)
h1(z)−
(
k
4
− 1
2
)
h2(z), hi(0)= 1, i = 1,2.
So
(h  φn)(z)= h(z)+ zh
′(z)
h(z)+ n =
(
k
4
+ 1
2
)
(h1  φn)(z)−
(
k
4
− 1
2
)
(h2  φn)(z)
=
(
k
4
+ 1
2
)[
h1(z)+ zh
′
1(z)
h1(z)+ n
]
−
(
k
4
− 1
2
)[
h2(z)+ zh
′
2(z)
h2(z)+ n
]
.
Since (h+zh′/(h+ n)) ∈ Pk, it implies that (hi+zh′i/(hi + n)) ∈ P(0)= P , i = 1,2, and
therefore, using Lemma 2.1, hi ∈ P(α), where α is given by (2.1). Consequently h ∈ Pk(α)
and f ∈ Rk(n+ 1, α). ✷
Particular cases:
(i) When n= 0, we have Vk ⊆Uk(1/2).
(ii) With n= 0, k = 2, we obtain a well known result that a convex function is starlike of
order 1/2 in E.
Theorem 3.2. Let f ∈ Rk(n), k > 2, and let φ be convex in E. Then f  φ ∈ Rk(n) for
z ∈E.
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Inf (z)=
(
p(z)
)k/2−1
s(z), p ∈ P, s ∈ S, and k > 2.
So
In(f  φ)= Inf  φ = (pk/2−1s)  φ
= pk/2−1(s  φ)= pk/2−1s1, s1 ∈ S (see [11]).
This implies that In(f  φ) ∈ Rk(n) for z ∈E and k > 2. ✷
Applications of Theorem 3.2. The classes Rk(n), k > 2, are invariant under the following
operators:
f1(z)=
z∫
0
f (t)
t
dt, f2(z)= 2
z
z∫
0
f (t) dt,
f3(z)=
z∫
0
f (t)− f (xt)
t − xt dt, |x| 1, x = 1,
f4(z)= 1+ c
zc
z∫
0
tc−1f (t) dt, Re c > 0.
The proof follows immediately from Theorem 3.2 as we can write
fi = f  φi
with
φ1(z)=− log(1− z), φ2(z)=−2
[
z+ log(1+ z)
z
]
,
φ3(z)= 11− x log
(
1− xz
1− z
)
, φ4(z)=
∞∑
m=1
1+ c
m+ c z
m, Re c > 0,
and φi is convex in E for each i = 1,2,3,4.
Theorem 3.3. Let f ∈Rk(n,α) and be given by (1.1). Then, for m> 3, k  2,
am =O(1)m{(1−α)(k/2+1)+(n−2)},
where O(1) is a constant depending upon k, α, and n. The exponent {(1− α)(k/2 + 1)+
(n− 2)} is best possible.
Proof. Consider
Inf (z)=
[
z
(1− z)n+1
](−1)
 f (z)= z+
∞∑ (n!)(m!)
(m+ n− 1)!amz
m.m=2
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class Vk(α) proved in [8] to have, for m> 3, k  2,
(n!)(m!)
(m+ n− 1)! |am|<
{
k2(1− α)2 + k(1− α)2−2(1−α)}(2
3
m
)(1−α)(k/2+1)−1
,
and this gives us the required result.
The function F0 ∈ Rk(n,α), defined by
InF0(z)= z(1− δ1z)
(k/2−1)(1−α)
(1− δ2z)(k/2+1)(1−α) , |δ1| = |δ2| = 1,
shows that the exponent {(1− α)(k/2+ 1)+ (n− 2)} is best possible. ✷
Let f ∈A and let
L(f )= n+ 1
zn
z∫
0
tn−1f (t) dt. (3.3)
Then
L(f )=
(
z+
∞∑
n=0
n+ 1
n+ k + 1z
k
)
 f = [z2F1(1, n+ 1;n+ 2, z)]  f
= z
(1− z)n+1 
[
z
(1− z)n+2
](−1)
 f = fn  f (−1)n+1  f.
This implies that InL(f )= In+1f, and we have the following result.
Theorem 3.4. Let f ∈Rk(n+ 1). Then L(f ) ∈Rk(n).
We now prove a radius problem as follows.
Theorem 3.5. Let L(f ) be defined by (3.3) and let L(f ) ∈ Rk(n). Then f ∈ Rk(n) for|z|< rn, where the exact value of rn is given by
rn = (1+ n)
2+√3+ n2 . (3.4)
Proof. We can write
L(f )= φn(z)  f (z),
where φn is defined by (3.2). It can easily be verified that φn(z) is convex for |z|< rn. Now
In
(
L(f )
)= f (−1)n  (φn  f )= φn  (f (−1)n  f )= φn  Inf ∈ Rk =Uk.
Since φn is convex for |z|< rn, it follows, from Theorem 3.2, that f ∈ Rk(n) for |z|< rn
and rn is given by (3.4). ✷
We shall now generalize a result proved in [1] for the class Rk(n) by using the similar
techniques.
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Re
{[
kβ(z)  Inf (z)  (z/(1− z))
kβ(z)  Inf (z)
]1/k+2(1−β)}
> 0,
where kβ(z)= z/(1− z)2(1−β) (0 β < 1). The result is sharp.
Proof. Since f ∈ Rk(n), Inf ∈ Rk = Uk , and we use Lemma 2.2 with relation (1.4) to
write Inf = spk/2−1 for some s ∈ S and p ∈ P. Let
Kβ(z)=
z∫
0
kβ(t)
t
dt.
Then
kβ  Inf  (z/(1− z))
kβ  Inf
= kβ  sp
k/2−1  (z/(1− z))
kβ  spk/2−1
(s ∈ S, p ∈ P)
= [kβ  zφ
′  (z/(1− z))]pk/2−11
(kβ  zφ′)pk/2−12
(pi ∈ P, φ ∈C, i = 1,2)
= [Kβ  z(zφ
′)′  (z/(1− z))]pk/2−11 (p−12 )k/2−1
Kβ  z(zφ′)′
= [Kβ  zφ
′h  (z/(1− z))]pk/2−11 pk/2−13
Kβ  zφ′h
(h,p3 ∈ P)
= [Kβ  zφ
′  (z/(1− z))]pk/2−11 pk/2−13 h1h−12
Kβ  zφ′
(hi ∈ P, i = 1,2)
= kβ  φ  (z/(1− z))
kβ  φ
p
k/2−1
1 p
k/2−1
3 h1h3 (pi, hi ∈ P, i = 1,3). (3.5)
It is well known that if φ is convex, then φ  kβ is in S(β). So, from Lemma 2.3, we
conclude that (3.5) equals p2(1−β)pk/2−11 p
k/2−1
3 h1h3, where p,pi, hi ∈ P for i = 1,3,
and theorem is proved.
For sharpness, we write Inf = spk/2−1 and take s(z) = {z− [c/(1+ c)]z2/(1 − z)2},
we have∣∣∣∣arg
{
kβ  Inf  (z/(1− z))
kβ  Inf
}∣∣∣∣=
∣∣∣∣arg
{ [kβ  s  (z/(1− z))]pk/2−11
(kβ  s)p
k/2−1
2
}∣∣∣∣
=
∣∣∣∣arg
{(
1− z
1+ z
)(3−2β)[1+ [1− 2β/(1+ c)]z
1− [1− 2β/(1+ c)]z
]}∣∣∣∣+ (k − 2)π2 . (3.6)
If we let 1− 2β/(1+ c)= Reiφ and z= eiφ, then, for θ =−φ + π/2, (3.6) becomes∣∣∣∣(3− 2β)π + arcsin
[
2R
2
]∣∣∣∣+ (k − 2)π .2 (1+R ) 2
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+ k)(π/2). ✷
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